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We present LCBOPII, an improvement of the long-range carbon bond-order potential (LCBOP) by Los and 
Fasolino [Phys. Rev. B 68, 024107 (2003)]. LCBOPII contains a coordination dependent medium range term 
for bond distances between 1.7 and 4 A, meant to reproduce the dissociation energy curves for single, double, 
and triple bonds and improve the reactive properties as well as the description of the liquid and of low 
coordinated phases. Other features of LCBOPII are a coordination dependent angular correlation, a correction 
for antibonding states, and a conjugation dependent torsional interaction based on ab initio calculations of the 
torsional barriers for a set of molecular configurations. We present results for the geometry and energetics of 
the graphite-to-diamond transformation and of the vacancy in diamond and graphite as well as the prediction 
of the energy barrier of the 5-77-5 defect in graphite and graphene for which ab initio results are available only 
for unsuitably small samples. In the accompanying paper (Ghiringhelli et al., Phys. Rev. B 72, 214103 (2005) 
we use LCBOPII to evaluate several properties, including the equation of state, of liquid carbon.
DOI: 10.1103/PhysRevB.72.214102 PACS number(s): 81.05.Uw, 34.20.Cf, 67.80.Mg
I. INTRODUCTION
The construction of accurate, reactive, and computation­
ally efficient potentials describing the atomic interactions in 
covalent materials is still a challenge. Reactive potentials, 
that allow coordination changes, are of great interest for 
studying structural properties and phase transformation of 
these materials in classical, large scale simulations, where 
density functional (DF) and even tight-binding methods be­
come computationally too intensive. Many good nonreactive 
(i.e., not permitting coordination changes) potentials or force 
fields exist for several materials1 for near-equilibrium struc­
tures. One of the first reactive potentials was developed by 
Finnis and Sinclair for highly coordinated, metallic systems.2 
Their approach, now known as the embedded atom method 
(EAM) was adopted later by other authors who applied it 
also to covalent materials.3,4 Soon after the appearance of the 
EAM, Stillinger and Weber (SW) proposed a simple and el­
egant reactive potential for silicon,5 which was refined and 
improved later by others6,7 and also applied to carbon.8 The 
difference between the EAM and the SW approach lies in the 
fact that, in the original EAM, many body correlations de­
pend mainly on coordination number, whereas in the SW 
potential they depend explicitly on bond angles. An impor­
tant new contribution to the evolution of reactive potentials 
for covalent materials was made by Tersoff, who introduced 
a so-called bond-order potential (BOP) for silicon,9-11 which 
was parametrized later also for carbon.12 A BOP contains a 
built-in correlation between coordination and bond strength, 
the so-called bond order. This term, expressed through a 
bond angle dependent term, is fitted to the binding energies 
of a series of bulk lattices from low to high coordinated ones, 
and yields a more or less smooth and natural interpolation 
between the different coordination states.
Nowadays there exist also reactive potentials that re­
semble the nonreactive force field potentials, such as the Re- 
axFF potentials.13,14 In these models the total energy is the
sum of various more or less independent contributions.
Carbon represents a new challenge for constructing em­
pirical potentials. Due to its small dimension, ^-bonding be­
tween undercoordinated atoms is particularly efficient for 
carbon. In contrast to silicon, carbon structures exhibit strong 
double and triple bonds, and also strong fractional bonding 
states, like in graphite where the covalent intraplanar bonds, 
often denoted as 4/3 bonds, consist of a o--bond plus a frac­
tion of a OT-bond. In spite of the “undercoordination” graph­
ite is even slightly more stable than diamond at ambient 
conditions.
The first BOP including conjugation effects was designed 
for hydrocarbons by Brenner,15 who gave two parametriza- 
tions, I and II, the first one giving the best bond distances 
and the second one giving a better fit of the force constants. 
Later Brenner published the REBO (reactive bond order) 
potential,16 which combines the qualities of Brenner I and 
Brenner II, and also includes torsional interactions and a cor­
rection of the angular correlation for small angles at low 
coordinations improving the description of small clusters. So 
far the Brenner potentials, with a cutoff for interatomic in­
teractions of only 2 A, did not include the long-range (LR) 
interactions, responsible, e.g., for the interplanar binding in 
graphite. Although this is of course a very favorable property 
from a computational point of view, the LR attraction plays a 
crucial role in many carbon based structures (graphite, inter­
molecular binding, etc.). Several schemes have been pro­
posed to include LR interactions,17-21 the main difficulty be­
ing to avoid spoiling the nicely fitted properties of Brenner’s 
potentials. In view of the shortcomings of all these attempts, 
giving rise to loss of accuracy and unrealistic interactions, 
we found that the best solution for this problem was to in­
clude LR interactions and reparametrize the short-range (SR) 
potential, refitting all the bonding properties, including con­
jugation. This approach has led to a long-range carbon bond­
order potential (LCBOP),22 a potential for pure carbon, here 
denoted as LCBOPI from now on.
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An important motivation for the construction of LCBOPI 
was to obtain a potential that describes both the liquid and 
the various solid phases, first of all graphite and diamond, as 
accurately as possible, making it a suitable tool for realistic, 
quantitative studies of the phase behavior and phase transi­
tions by employing modern simulation techniques. In a pre­
liminary study of the liquid phase according to LCBOPl,23 
restricted to one temperature (6000 K), we extended 
LCBOPI with torsional interactions and a correction of the 
small angle correlation for low coordinations. This extended 
LCBOPI, hereafter denoted as LCBOPI+, is described in Ap­
pendix A. Torsional interactions were added because they 
had been found to play an important role for the structural 
properties of the liquid phase, being responsible for a liquid­
liquid phase transition (LLPT)24 in simulations with the 
Brenner II BOP extended with torsional interactions. We 
have recently used LCBOPI+ also for the determination of 
the liquid-graphite-diamond phase diagram of carbon up to 
extreme temperatures and pressures.25
Both the results for the liquid phase and the phase dia­
gram, so far based on LCBOPI+, show a promising agree­
ment with available data from density functional molecular 
dynamics (DFMD)26 simulations and experimental data. For 
example, with LCBOPI+ no LLPT was found in agreement 
with DFMD, most likely due to weaker torsional interactions 
for conjugated bonds as compared to the extended Brenner II 
BOP. For LCBOPI+ these interactions were fitted to recent 
ab initio calculations27 of the torsional barrier for such 
bonds. The pressure-volume isotherms at 6000 K from 
DFMD simulations are reasonably well reproduced by 
LCBOPI+ as well as the trend in the coordination statistics 
over a wide range of densities, in contrast to Brenner’s 
BOP’s without LR interactions.
However, significant differences in the radial distribution 
function (rdf) for the liquid phase between DFMD and 
LCBOPI+ prompt one to further improvement of the poten­
tial. Although the positions of the extrema in the rdfs at 
various densities are reproduced reasonably well, the minima 
and maxima according to LCBOPI+ are clearly more pro­
nounced than those according to DFMD.23 In particular, 
LCBOPI+, and also Brenner’s BOPs, give rise to a very deep 
minimum around the cutoff range for the short-range inter­
actions. It is tempting to assign this effect to the strong gra­
dients within the cutoff range, an artifact of the cutoff. In 
order to shine more light on this point, we performed ab 
initio calculations of the dissociation energy curve for a 
single bond, as described in Appendix B, and compared it to 
those according to LCBOPI+ and REBO. The comparison is 
shown in Fig. 1. Clearly, with a SR cutoff radius of 2.2 A 
(2.0 A for REBO) LCbOpI+ cannot reproduce the energy of 
-2  eV at 2.2 A in the single bond dissociation found in the 
DFMD calculation. Note that beyond the SR cutoff radius 
there are only LR interactions between the two dissociating 
fragments, which give rise to an effective repulsion between 
the fragments in the range from 2.2 to 3.5 A. For REBO the 
interaction between the fragments beyond 2 A vanishes alto­
gether. In this case, we may certainly assume that the ab 
initio results are more reliable, and obviously this discrep­
ancy could very well be the reason for the mentioned differ­
ence in the liquid structure.
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FIG. 1. Bonding energy for the single bond in 
(CH3)3C-C(CH3)3 as a function of the central C-C distance, calcu­
lated by DF (dotted line), by LCBOPII (solid line), and by REBO 
and LCBOPI+ (dashed lines).
The above discrepancy inspired us to further improve­
ments of LCBOPI+. The resulting potential is denoted 
LCBOPII. The many modifications and improvements of 
LCBOPII, as compared LCBOPI+, require a complete de­
scription, which is given in Sec. II. LCBOPII reproduces 
much better the dissociation energy curves for single, double, 
and triple bonds by the addition of attractive interactions 
between atoms at middle range (MR) distances between 1.7 
and 4 A. These MR interactions, which extend the covalent 
bonding where this is appropriate, depend on the mutual re­
activity between atoms, which is quantified in terms of the 
bond angles and of the presence of dangling bonds, as de­
scribed in Sec. IID . Further improvements of LCBOPII in­
clude (i) an extended and more dynamic coordination depen­
dence of the angular correlation, (ii) a correction for 
antibonding states by the addition of a new term to the bond 
order, (iii) an extended conjugation dependence of the tor­
sional interactions based on ab initio calculations of the tor­
sional barriers for a set of molecular configurations, (iv) a 
different definition of the torsion angle not producing spuri­
ous torsion, and (v) a more natural interpolation approach for 
noninteger coordination states.
After the description of LCBOPII in Sec. II, structural and 
elastic properties for solid phase structures, including the 
diamond (111) and (100) reconstructed surfaces, will be pre­
sented and discussed in Sec. III. In this section we present 
also results concerning the geometry and energetics of the 
diamond to graphite transformation and of the vacancy in 
graphite and diamond as well as the prediction of LCBOPII 
for the energy barrier for the formation of the so-called 
5-77-5 defect. In Appendix A, we describe the previous ver­
sion of the potential LCBOPI+ and in Appendix B, we give 
details of the DF calculations used to develop LCBOPII. In 
the companion paper,28 the results of an extended study of 
liquid carbon according to LCBOPII are given, covering a 
large pressure-temperature domain of the phase diagram, and 
are compared to ab initio data, where available.
II. LCBOPII
For LCBOPII, the total binding energy E b for a system 
consisting of N at is given by
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FIG. 2. Switch function Sdown(x) for p  = -3 ,0 ,3  (solid lines) 
compared to the Brenner’s cutoff function f ij=1/2[1 +cos(^x)] 
Ref. 15 (dashed line).
S Z s V m ) , (1)
where V isjr = V sr(rij) describes the covalent, short-range inter­
actions, V lirj=V lr(r ij) accounts for the long-range nonbonded 
interactions, and V imjr =V mr(r ij) represents the remainder of 
bonded (attractive) interactions between atoms at middle- 
range distances. Here rij=  |r ;- r j  is the interatomic distance. 
The middle-range attractive interaction, not present in 
LCBOPI, is inspired and based on the ab initio calculations 
of the dissociation energy curves for single, double, and 
triple bonds (see Appendix B). The prefactor 1 /Z fr, where 
Z imr is an effective middle-range coordination number de­
fined in Sec. IID , takes into account many body effects. The 
switch functions Sds0W= SdOwn(rij), SUPrij= Slspr (rij), and SZ ij 
= Sujpr(rij), described in detail in Sec. IIA  provide a smooth 
connection between the various interaction contributions.
A. Switch functions
In the description of LCBOPII, we will make use of two 
families of switch functions, Sdown(x) and Sup(x), being de­
fined as
Sdown(x) = © (- x) + ©(x)©(1 -  x)(1 + 2x + px2)(1 -  x)2
(2)
and
Sup(x) = 1 -  Sdown(x) (3)
respectively, where ©(x) is the heavyside step function. As 
shown in Fig. 2, the parameter p , ranging in the interval 
[-3 ,3 ], offers a certain freedom in the choice of the shape of 
the switch function while staying monotonic within x  
e [0,1]. To realize a switch as a function of a given quantity 
q  (e.g., distance or coordination) within a desired interval 
[qmin, qmax] the dimensionless argument x  is defined as
/ \ q  -  qmin / A \x  = x(q) = ------------ . (4)
qmax qmin
In the description of the LCBOPII, each switch function,
labeled by an appropriate subscript, is specified by the three 
numbers qmin, qmax, and p, which are given in Table I.
B. Short-range potential V^
The potential V isjr is a Brenner type of bond-order potential 
similar to that of LCBOPI, but with several important modi­
fications. It reads:
V j  = V R j -  B iV Z ij (5)
where VsR and VA are repulsive and attractive radial pair 
potentials given by
VR(r) = A sr exp (-  a r ) , (6)
VAr(r) = B f  exp(- A r) + B f  exp(- f a r ) . (7)
The bond order B ij includes the many body effects and is the 
sum of several terms:
Bij = 1  (bij + bji) + F cjnj + Aij + Tij, (8)
where bij depends on the bond angles and Ficjonj accounts for 
conjugation. With respect to LCBOPI we have added the 
terms A ij and Tij, which account for the effects of the pres­
ence of occupied antibonding states and of torsion, respec­
tively.
1. Term by
The bond angle dependent part b ij is given by
bij = (1 +  2  SdNown(rik)H(8ri]k)G(cos ^ , N j ) ) -1/2 (9) 
\ k±ij )
where the summation runs over all neighbors k  ( # j) of i, °ijk 
is the bond angle between the bonds ij and ik, and Srijk 
= rij - r ik. The reduced coordination number N j k is defined as
down down down
N ijk = 2  SN,il = N i -  SN,ij -  SN,ik , (10)
l^i, j,k
where N i is the coordination of atom i defined as
Ni = 2  sNown (11)
j i i
and SNOW= S'N>wn(rij). As compared to the LCBOPI, we have 
modified the angular function G , making it coordination de­
pendent in order to improve the energetics of configurations 
with small bond angles. Such a correction of the angular 
correlation for small angles was also included in the REBO 
potential, switching from the maximal to a weaker angular 
correlation for coordinations from 3.8 to 3.2. We found that a 
good description of various small clusters, as those of Refs. 
29 and 30, required different angular functions for the coor­
dinations two and three. Simulations for the liquid phase23,28 
suggest that a weakening of the angular correlation for small 
angles is required for higher coordinations as well. For 
LBCOPII we have formulated a dynamic coordination de­
pendence which smoothly interpolates the angular correla­
tion for coordinations N ijk^  8.
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Switch q qmin qmax P Switch q qmin qmax P Switch q qmin qmax P
ndown
Ssr
ndown
Slr
ndown
Sdb
rij
rij
xdb
Xij
1.7
5.5
0.0
2.2
6.0
1.0
3.0
0
0
HCo 
Oq
rn
Nki
y j
1.7
2.0
0.34
2.2
3.0
0.93
-2.0
0
0
L
h
€
?
Co 
Co 
^
rij
Nki
y j
1.7
3.0
0.30
2.2
4.0
0.93
-3.0
0
0
Vr
Va
G
Short-range potential Vs’
Asr=53026.92614 «=6.74750993 
B f=27618.35706 ^  = 6.34503890 Bs2r=34.07142502 02= 1.19712839 
gmin=0.0020588719 ggr =0.0831047003 gmax =16.0 
g10 = 0.7233666272 g1,1 = 1.7334665088 g12= 1.8701997632 
g2,0=0.73994527795 g21 =-1.999211817 g2,2 = -17.43251545 
g2,3 = -33.96127110 g2,4=-44.65392079 
g30=-15.19 g31 =-25.6168552398 g3,2=-21.51728397 
g33 = 0.9899080993 g34= 13.66416160
Ay =-0.4
y 0
By =0.01875
y 0
Ag = 5.6304664723 Bg = 0.1516943990 Cg = 0.009832975891
Dg = -0.189175977654 Eg = 0.050977653631
H d =0.14 Cj = 3.335 C4 = 220.0 For C6, L, k , R0 and Rj see text.
Fconj
ij
Fconj 
F ij,0
Pconj
0.0000 0.0207 -0.0046 -0.1278 0.0000 0.0584 0.0416 -0.1278
0.0207 0.0000 -0.0365 -0.1043 0.0584 0.1379 0.0062 -0.1243
-0.0046 -0.0365 0.0000 -0.0273 0.0416 0.0062 0.0936 -0.0393
-0.1278 -0.1043 -0.0273 0.0000 -0.1278 -0.1243 -0.0393 0.0000
Aij « 0 =0.95
Tij A t =-13.152909887
Bt1= -0.0486839616 Bt2 II 8 tB 3 = 0.62 Bt4=0.005
Long-range potential Vlr
t-0 = 3.715735 e1 = 0.002827918 ^  = 1.338162 \ 2=2.260479 For eu  v u  and v 2 see text.
Middle-range potential Vmr
2 2.9 A 0m’=-0.2345 A 1m’=-0.67 A 2m’=-4.94
Using the short notations y  = cos 0Vjk and z =Nijk, the an­
gular function G (y , z) reads
G(y, z) = © (^(z) -  y)G1(y) + ©(y -  y0(z))G2(y, z),
(12)
where G1(y) is the angular function fitting the properties of 
the various bulk crystal lattices from chain to fcc as in 
LCBOPI,22 and G2(y,z) gives a weaker angular correlation, 
as compared to G1(y, z), for low coordinations and small 
angles. The function G  is presented in Fig. 3. The coordina­
tion dependent boundary value y 0(z ) where G 2 is smoothly 
matched to G 1 is given by
y0(z) = Ay0 + B y0(z + z2) . (13)
G1(y) = <
and
2
gmin + (y + 1)22  g1,nyn, 
n=0
ggr + (y + 1  ) 2  g l ^ f ,  
2 n=0 
4
: y —
2
: y  <C —
gmax + (y - 1)2 2  g 3 ,nyn, -  -  ^  y ^  1
n=0
G2(y, z) = gzmax+ (i -  y)2 2  gz,nyn
n=0
(14)
(15)
For high coordination y 0(z ) becomes larger than one and 
G (y ,z) = G1(y) for all angles. The functions G1(y) and 
G2(y, z) are given by
respectively, where
gz,max gmax (Ag + B gz  + Cgz  )(1 y0) (16)
1
1
3
2
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and
gz,2 ' 1 + E gz4
(17)
( y o - 1)2 (y o - 1)3
■ 2gz,2yo
and
G1(y0) gz,max 2
gz,0- / ^2 -  gz,1y0-  gz,2y0,
( y o - 1)2
(18)
(19)
The coefficients gz,0 and are fixed by the requirement of where G((y0) = dG xldy\ 
continuity of G(y, z) up to the first derivative at y =y0(z), 
implying
yo'
The function H (Srijk) shown in Fig. 3 is almost the same 
as for LCBOPI and reads
H (x):
H 1(x) -  L 1 + k (x  + d)
1
1 + [k(x + d)]4
1/4
x <  -  d
H2(x) -  1 + ^  + 2 ^  ^  ^  -  d *  x *  d
H3(x) -  R 0 + R 1(x -  d), x >  d
(20)
with three independent parameters d , C1, and C4 and where 
L, k, C6, R0, and R1 follow from continuity of H  up to its 
second derivative at x  =±d. By construction d2H1/dx2|x=-d 
= d2H3/dx2|x=d=0 so that C6 follows directly from 
d2H2/dx2|x=d= d2H2/dx2|x=-d=0. Next L  and R0 follow from 
continuity of H  in x = - d  and x = d , respectively, leaving R 1 
and k to be found from continuity of the first derivative of H  
at x  =±d.
2. Conjugation term Fc.°nj
FIG. 3. Top panel: function G (y,z) [Eq. (12)] for integer values 
of z . The inset shows that G2 is smoothly matched to G1 at a 
coordination dependent boundary value y0(z); the vertical axis of 
the inset is labeled on the right-hand side. Bottom panel: function 
H(x) [Eq. (20)].
We call atom j  a full neighbor of atom i if sN°fjn=1. If
0 <  S N j  <  1 then atom j  is called a fractional neighbor. For 
LCBOPi, as for Brenner’s potentials, FC°nj is a function of 
the reduced coordination numbers Nij and Nji, and of the'j»
conjugation number N cj ni. The number N ij is defined by
N j  -  Ni -  SdNoWn. (21)
The values of F cj ni for integer N j  and Nji were fitted to 
known bond energies for equilibrium configurations with ap­
propriate coordination environments.15’22 A cubic spline was 
used to extend F™ 1 to noninteger coordinations. In this in­
terpolation approach’ a situation where atom i has two full 
neighbors other than j  gives the same argument Nij=2 as a 
situation where atom i  has one full neighbor other than j and 
two fractional neighbors k 1 #  j  and k2 #  j  with S ^ f i” + SNOft” 
= 1 which can lead to unreasonable values for Fc™1. There­
fore, for LCBOPII’ which we wish to be applicable also to 
the liquid phase where multiple fractional neighbors often 
occur, we propose an interpolation scheme which makes use 
only of the values of F ciJ nj for integer N ij and N ji. In this new 
approach, the above situation is interpolated as a weighted 
sum of one configuration with Nij=1 (both fractional neigh­
bors excluded), two configurations with N j=2 (one of the 
fractional neighbors included as a full neighbor and the other 
excluded and vice versa) and one configuration with N ij =3 
(both fractional neighbors included as full neighbors). Math­
ematically, this can be written as
j  = 2  2  Wj’H W 'i’W
{ok=0’1} {^=0,1}
(22)
where
214102-5
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W i j w  -  n  (« ks dNT  + (i -  °*)(i -  s dNT ) )  (23)
k+i, j
is a weight factor. The summation 2{^=0,1j runs over all pos­
sible sets of numbers { rk}, one number for each neighbor k
#  j  of i, with each crk assuming the value 0 or 1. Note, 
however, that W j r =0 for all sets { rk} containing a r k=0 
for a full neighbor k  #  j  of i. Therefore the summation can be 
restricted to the fractional neighbors, putting r k =1 for all 
full neighbors. The expression (22) requires only the values 
of Fconj for the integer arguments N ij r t\ (ranging between 0 
and 3), defined as
% W } = min(3, N ij,Wk})
with
Nij,W} : 2  Ok ■k+ij
(25)
The definition of the conjugation number N C p ^ r  is 
equivalent to that for LCBOPI, but is presented here in a 
more transparent form. By construction it is a number be­
tween 0 and 1 and reads
Nel + N el -  N el ■ -  N el ■- \ j c o n j ______ij ji ii,min T n,min_____
ij,Wk}Wi} -  N el + N el -  N el ■ -  Nel ■ + e1 ij,max ' ji,max ' ij,min ' ji,min
, (26)
where N iejl is the fractional number of electrons supplied by 
atom i to the bond ij given by
4 — M u {O}N el - -------------^ -----
ij — —
Nij,{ok} + 1 -  N j,{ok}
(27)
with M j{ r  } the fractional number of saturated (i.e., with 
coordination at least four) neighbors k  #  j  of atom i. It is 
defined by
ij,{ok
where Mj,{O} is given by
M } -m in (3,Mij,{ok})
M i j o  -  2  OkSMP(Nki) 
k+ij
(28)
(29)
with N ki- N k-  SNOW" according to Eq. (21). According to 
these definitions the minimal and maximal values of Nej, to 
be inserted into Eq. (26), are given by
N el ■ ■ij,min
N ij,{ok} + 1
and Njmax - 4 -  N ^ } , (30)
respectively. We assume a linear dependence of F jO -jo} on
FConj -  (1 Nconj ) FCon-J + NConj FCon-J (31 ) F j.WAo,} -  ( 1 -  N ij,{o}{o})Fj ,0 + N ij,{o}{o}F ij,1 (31 >, ok l /  ij ' k l -r  ,
with _ FCj:i^ j = Fconj(Nij,{rk},Nji,{ri},0) and j j
= Fconj(N ijr },Nji,{r},1) given in Table I. In Eq. (26), e is 
a very small positive number that prevents the numerical
FIG. 4. Example used to describe the term A ij that accounts for 
occupancy of antibonding states (see text).
singularities occurring for coordination combinations 
( N i j r ,Nji,{rl}) = (0,0), (0,3), (3,0), and (3,3), where 
N C jr ^ r }=0/e= 0. Actually, for these combinations FC°nj
(24) -  FCOn so that the value of N cjj }{O} becomes irrelevant
3. Antibonding term Ay
The term Aij accounts for occupancy of antibonding 
states. When the supply of electrons from atom i to the bond 
ij, Nej, is not equal to that from atom j, N^, bonding is 
relatively less effective. To illustrate this point, we refer to 
the situation shown in Fig. 4. For the ij-bond with Nj,{r } 
= 1 and Nji,{r }=2 with saturated neighbors k  #  j  of i and l 
#  i of j, yielding N j j r  =1, we have N ej =3 and N ei =2. 
Instead of a bond energy somewhere between that of a 
double bond (6.2 eV, Ref. 16) and that of a triple bond 
(8.4 eV, Ref. 16), the bond energy for this bond is only about 
5.8 eV, according to LCBOPI, LCBOPII, and REBO, due to 
the unfavorable situation that not all electrons can make 
pairs, giving rise to an antibonding state being occupied by 
the lone electron. Conversely, if the neighbors k  and l are 
unsaturated, yielding N C ^ ^ r }=0, the bond energy is equal 
to 5.2 eV. With the linear dependence in Eq. (31), the bond 
energy of this bond for 0 <  N cjj }{r  } <  1 is always between 
5.2 and 5.8 eV for LCBOPI and REBO. However, when the 
two neighbors l #  i of atom j  are saturated and the neighbor 
k  #  j  of atom i is unsaturated, we have Nej=2 and N el=2, i.e., 
a proper double bond which should have a bond energy of 
about 6.2 eV. For this case, NCj7i}{rz}=2/5. In order to de­
scribe all these situations correctly we introduced the anti­
bonding term Aij, which, using the same interpolation ap­
proach as for the conjugation term, is given by
Aij = 2  ' 2  ' Wij,{rk}Wji,{rl}aij(Ael), (32)
{rk=0,1} {rl=0,1}
where the summations are restricted to those configurations 
with ( N i j r ,Nji,{rl}) equal to (1,1), (2,2), (1,2), or (2,1) and 
where
Q ^ l  
1 + 10|Ael|
with
N W - ■Nel I ji,{ l}.
(33)
(34)
The function aij tends to a linear dependence on |Ael| while 
being continuous up to the first derivative at Ael=0. For
(Nij,{rk},Nji,{rl}) not equal to (1,1), (2,2), (1,2), or (2,1) the
4
el
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FIG. 5. Schematic molecules with a central bond between two 
sp2 sites (i and j, dashed circles), for all the possible values of N conj 
[Eq. (26)] with integer coordinated neighbors. White circles repre­
sent threefold-sp2 sites, while black circles are for fourfold-sp3 
sites.
linear interpolation Eq. (31) is reasonable and the correction 
Aij is not required.
4. Torsion term T,9
Also for the torsion term Tj, the same interpolation ap­
proach is used as for the conjugation term:
Tj  = 2  " 2  " ,
{^ k=0,1}{ff;=0,1}
(35)
where now the summations are restricted only to those con­
figurations with (Nj,{a },N j , ^ )  = (2,2). The torsional term t j  
for each of these configurations depends on y ^ , ^ ^  
= cos(wÿ,{a }{^ }) with (0 ij{v }{^ } the torsion angle and on the 
conjugation number NJ7j }to} for this configuration. The DF 
calculations of the torsional barrier for the six cases of Fig. 5, 
shown in Fig. 6, display a rather complex dependence of the 
torsional barrier on each of the possible conjugation num­
bers. Fitting this behavior led us to the following form for t j
t (yz) = i r i ( W 2( i - y2))2, z *  8 (36)
tij(y,z) | (~)(i ~2)(o ~2)2 1 (36)J [ t 2(z)(1 -  y2)(2 -  y2)2, z >  ¿,
where we used the short notations y =cos(w;j,{CT }{CT}) and z 
= and where
n (z )  = At(z -1 /8 )2, (37)
FIG. 6. Torsional barriers according to LCBOPII and our DF 
calculations for the six values of Nconj corresponding to the mol­
ecules schematically represented in Fig. 5. Symbols represent the 
DF results, and curves represent the fits obtained by the LCBOPII. 
Top panel: torsional barriers for the extreme values of Nconj, corre­
sponding to the conjugated (Nconj = 0, squares and dashed curve) 
and double bonds (Nconj = 1, circles and solid curve). Bottom panel: 
intermediate values of Nconj: 1/8 (stars and dotted curve), 1/4 (down 
triangles and dashed-dotted curve), 1/2 (up triangles and solid 
curve), and 5/8 (diamonds and dashed curve). Note the complex 
behavior of the curves for the values 1/2 and 5/8, where the barrier 
at ^/2  is higher for Nconj =1/2 than for Nconj=5/8.
tential. The total torsion term Tij was the sum of contribu­
tions from the torsion angles from all pairs of these vector 
products. However, apart from the problematic singularity 
occurring when r ik or r j7 is parallel to r ij this definition of the 
torsion term gives a nonzero torsion for many situations, like 
the one shown in Fig. 7, where there is actually no torsion at 
all. For example, it gives a nonzero torsion for the dimer 
bond on the reconstructed (001) surface, leading to a too 
large dimer bond distance (1.555 A for the LCBOPI+ and 
1.546 A for the REBO potential against the experimental 
value 1.37 A). Therefore for LCBOPII we have formulated a 
different expression for the torsion angle which does not give 
“spurious torsion” and interpolates well for any configura­
tion. For each configuration where two bonded atoms i and j  
both have two other neighbors (k1,k2) and (l1, l2), respec­
tively, characterized by the two sets of numbers {rk} and 
{ rl}, we define a single torsion angle through
72(Z)
B ti(z  -  1/8)2(z + -  (2/3)2])2(1 -  B ñ z)
B t4 + (z -  1/8)2
(38)
For LCBOPI+ (see Appendix A) the torsion angle was de­
fined as the angle between the vector product of r ij with r ik 
and the vector product of r ij with r j7, as for the REBO po-
= ^ijk ' tjily = coSK , K1{„,}) = 
where the vector t,jk is given by
j  = *ij x  w ijk + (r ij • w¡»X*ij x  'w+jk)'ij
with
(39)
(40)
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Side view
-
y I
FIG. 7. Scheme to show a case with no torsion, according to our 
definition. Starting from the molecule in its planar configuration, 
out of plane bending described by dashed arrows leaves y = 0, thus 
giving the torsional term Tij = 0. Only the twisting around the cen­
tral bond gives ay  + 0. In contrast, previous definitions of the tor­
sion angle, such as in Refs. 16, 20, and 42, give a spurious nonzero 
torsional contribution for the bending shown in this figure.
C. Long-range potential Vlr
The functional form of the long-range pair potential Vlirj is 
the same as for LCBOPI:
Vlr(r) = [0(7o -  r)V l[(r) + 0 (r -  r°)v2(r)]Sfrown(r) (42) 
where Vl[  (i = l ,2 )  are ordinary Morse functions plus a shift:
Vf(r) = ei(e-2xi(r-r°) -  2e-Xi(r-r°)) + v t (43)
and Sd° wn(r) smoothly cuts off the long-range interactions at 
6 A. The two Morse functions are connected continuously up 
to the second derivative in r = r°, implying el = e2\ \ l X2 and 
v l = el - e 2 with v2 = °. The values of the parameters have 
slightly changed as compared to those for LCBOPI, leading 
to an optimal fit of the compressibility in the direction per­
pendicular to the layers, namely 4.324 X l ° -3 A3lmeV to be 
compared to the experimental value 4.326 X l ° -3 A3l 
meV.3l,32 This long-range part binds the graphitic layers at 
the experimental equilibrium distance of 3.35 A, the binding 
energy being 25 meVl atom.22
w ijk =
r  ik1 -  r  ik2
r  ik.1 r  ik2
.+  r  ik1 + r  ik2 
W ijk = - ------ —
lr  ik1 + r  ik2l
(41)
and r  j = r ij l  |r j |. We note that the definition Eq. (4°) becomes 
equivalent to the one of REBO for the standard case of ro­
tation around the axis r ij.
D. Middle-range potential
The middle-range attractive interactions in Eq. (l), repre­
senting an important novelty of LCBOPII, are environment 
dependent. They depend on bond angles and on the presence 
of “dangling bonds” as quantified by the dangling bond num­
ber N db defined in the following. It reads:
Vmr =ij
s d r n(x!b)sup ( y i j )vmrJ + s z u d b ^ h ^ V m i j ,  0 ^  Ndb ^  1 
s T j ^ j m r i j + ^ ( < ^ 2(7^ ,  1 <  Ndb ^  2 
{ s T ( 4 ) s uyp2 (y ij)v m j  2 <  Ndb ^  3,
(44)
where
xdb= Ndb -  d  (45)
with d = In t(N d jb) (i.e., the largest integer smaller than N'dj). 
The dangling bond number N idbb is defined as
Ndb = 4 -  2  SdN°JknN t  (46)
k*i, j
where N ek\ is the number of electrons from atom k  available 
for the bond k i, defined by
l = 4 -  ^ N k i M k i  (47)
ki Nki + l -  Sd0J n(Nki)Mki 1 '
with
M ki=  2  S dN0wn(rkm)SMP(Nmk) (48)
m^k,i
and SdaWn(Nki) goes to zero for N ki ^  3, i.e., when atom k  is 
saturated.
In Eq. (44) the attractive potentials V m j  Vmr(rij) are 
simple polynomials cut off smoothly:
vmr( r j  = Amr©(rmr -  rij)(rmr -  rij)3, (49)
vmr(rij) = Amr©(rmr -  rij)(rmr -  rij)2, (50)
for situations with n = 0,1 dangling bond, and 2 dangling 
bonds, respectively. For N j ^  3 we set V"jr=0. In the pres­
ence of dangling bond(s) (with N j  <  3) the middle-range 
attraction is stronger than without dangling bond(s). The pa­
rameter jij  is related to the bond angles by
214102-8
IMPROVED LONG-RANGE REACTIVE... .I. PHYSICAL REVIEW B 72, 214102 (2005)
J '] 1 + ( B / N i j ) ^  (1+cos 0ijk)4 ' 
k + i, j
(51)
For small angles, j i j  becomes small. If y j  is smaller than the 
lower bounds of the switch functions Suypn, then V"jr =0 ac­
cording to Eq. (44). According to the definition of N j ,  N j  
=0 for each of the equilibrium bulk phases, i.e., chain, 
graphite, diamond, etc. The lower bound of S"p0 is chosen 
such that the middle-range interaction vanishes for each of 
these bulk phases. So the middle-range interaction does not 
affect the equilibrium properties of these phases to which the 
short-range potential, combined with the given Vlr, is fitted, 
but it only affects the energetics for bond breaking and for­
mation. The lower bound for the switch functions Supn de­
pends also on the dangling bond number, favoring the attrac­
tion when dangling bond(s) are involved. In order to make 
the attraction for a single bond more directional than that for 
a double bond, we took
(eV)
-10
1 ! I ! I 1
\ tb/  
\ !t7 1
11\i\ 
^
.
\ '—^ if f /  
i f f
V Jr
\ f t  
\  //
V/ ƒ
f/ . I
^db _ 
, i , i ,
) 2 3 4
r (Á)
FIG. 8. Bonding energy for (CH3)C = C(CH3) (triple bond, tb), 
(CH3)2C = C(CH3)2 (double bond, db), and (CH3)3C-C(CH3)3 
(single bond, sb), calculated by DF (dashed curves) and LCBOPII 
(solid curves) as described in the text. To determine the parameters 
A'mr and A!^r of Eq. (50), we impose the energy of the central single 
and double bonds, stretched to 2.2 A (vertical line), to be equal to 
the corresponding DF value.
S Z  = (S“P2)2. (52)
The middle-range coordination number Zmr is defined as
(53)
\
where we used the short notation v ij= S ’mPr,ijVmr and where 8mr 
is a correlation exponent. The larger 8mr, the larger Zmr, the 
stronger is the middle-range correlation. Without this corre­
lation (i.e., Smr=0) the middle-range contribution tends to 
become too large and gives unrealistic configurations with 
accumulation of atoms in the middle range. On the basis of 
simulations for the liquid phase at various densities, we took 
Smr = 1/2. With this exponent the middle-range correlation is 
equivalent with the correlation in the embedded atom poten­
tials and the total middle-range energy of atom i becomes
___
2 zm- X1 ~ \2^  Vij ^  Vij) j - 2  j v2
1/2
(54)
The minus sign appears due to the fact that v ij ^  0 for all 
pairs ij. With this MR contribution, a reasonable agreement 
of the dissociation energy curves calculated by LCBOPII and 
by DF is obtained, as shown in Fig. 8 for single, double, and 
triple bonds. All parameters of LCBOPII are given in Table I.
III. PROPERTIES
The potential LCBOPII accounts by construction for the 
structural and elastic properties of most crystalline structures 
of carbon and for these quantities gives values very close to 
LCBOPI.22 Conversely, it gives a more accurate description 
of more complex structures, such as the reconstructed sur­
faces of diamond, and of the energetics of phase transforma­
tions and structural defects.
A. Bulk equilibrium structures and elastic constants
In Table II we give the values of the equilibrium inter­
atomic distance dCC, binding energy E b, and stretching force 
constant Fc for different crystalline structures, compared to 
the reference values of Refs. 15, 16, 33, and 34. Table II can 
be directly compared to Table I of Ref. 22 containing also the 
values for LCBOPI and REBO. The values of LCBOPI+ are 
the same as for LCBOPI. In Table III we give the elastic 
force constants for diamond and graphite compared to the 
results of Refs. 35 and 36, respectively.
B. Diamond (111) and (001) reconstructed surfaces
The energy and structure of crystalline surfaces results 
from a delicate balance of forces due to undercoordinated 
atoms at the surface and represent a severe test for inter­
atomic potentials. In Table IV we give the surface energy and 
the interatomic distances of the relaxed (2 X 1)-Pandey- 
reconstructed (111) and of the (2 X 1) reconstructed (001)
TABLE II. Bond distances dCC, binding energies Eb, and 
stretching force constants FC calculated by LCBOPII for the coor­
dination Z  of a C2 dimer bond (di), a linear chain (ch), the triple 
bond (tb) and the crystalline structures graphite (gr), diamond (d), 
simple cubic (sc), and face centered cubic (fcc). The binding energy 
for graphite includes the interlayer binding energy described by Vlr. 
In parentheses we give the reference values of Refs. 15, 16, 33, and 
34.
Z dCC (Â-) Eb (eV/atom) F c (eV/À2)
1 (di) 1.315 (1.315) 3.081 (3.163)
2 (ch) 1.325 (1.330) 6.089 (6.175) 62.29 (59.67)
2 (tb) 1.200 (1.200) 8.524 (8.424) 98.85 (99.86)
3 (gr) 1.420 (1.420) 7.374 (7.374) 43.95 (43.57)
4 (d) 1.544 (1.544) 7.349 (7.349) 29.27 (29.52)
6 (sc) 1.770 (1.765) 4.760 (4.689)
12 (fcc) 2.170 (2.170) 2.759 (2.759)
1
2
2
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TABLE III. Elastic force constants (in eV/Â3) for graphite (gr) 
and diamond (d). In parentheses we give the reference values of 
Ref. 36 for graphite and Ref. 35 for diamond.
c11 (gr) 6.551 (6.616)
C66 (gr) 2.763 (2.746)
c11 (d) 6.718 (6.718)
c44 (d) 3.604 (3.604)
surfaces, with the same notation of Fig. 6 and Table IV of 
Ref. 22. It is important to notice that the (2 X 1) reconstruc­
tion of the (001) surface does not imply any torsion of the 
bonds whereas a torsional contribution is present for the 
(111)(2 X 1). With the definition of torsion of LCBOPII both 
situations are correctly described, whereas REBO and 
LCBOPI+ give a spurious torsion for the (001 )(2 X 1) sur­
face, leading to the too large value of the d 12 distance (see 
Table IV).
C. Graphite to diamond transformation
The transformation from graphite to diamond occurs via a 
reaction path that can be parametrized by one reaction coor­
dinate, the carbon-carbon distance rcc ± between two atoms 
in adjacent (111) bilayers evolving towards graphitic planes. 
The ab initio results of Fahy et al.,37 for the energy barrier E, 
intraplanar carbon-carbon distance rcc,y, and buckling angle 
9 are compared in Fig. 9 with the results of LCBOPII and 
also LCBOPI+. Notice that only the barrier height has been 
used in the fitting procedure as it has been done also for 
LCBOPI. The structural details of the transformation along
TABLE IV. Surface energy [in eV/(unit cell of the unrecon­
structed surface)] and interatomic distances (in A) of the relaxed 
(2 X 1)-Pandey-reconstructed (111) and of (2 X 1) reconstructed 
(001) surfaces, with the same notation of Fig. 6 and Table IV of 
Ref. 22. Notice that the REBO data in Table IV of Ref. 22 are 
indicated here as REBO* and refer to the REBO potential without 
torsional interactions, i.e., with bDDH = 0.1J
Reference LCBOPII REBO* REBO LCBOPI+
( 111 ) ( 2 X 1)
Esurf 1.87 1.2807 1.01 1.91 1.59
d12 1.43 1.460 1.437 1.445 1.455
d13 1.54 1.539 1.559 1.527 1.535
<N3^ 1.54 1.540 1.565 1.534 1.545
d35 1.61 1.62 1.643 1.621 1.644 1.626
d46 1.65 1.64 1.647 1.653 
(001 )(2 X 1)
1.690 1.664
Esurf 2.12 1.99 2.14 2.61 2.60
d12 1.37 1.444 1.443 1.546 1.555
d13 1.50 1.519 1.556 1.539 1.521
d34 1.57 1.621 1.602 1.605 1.606
d35 1.55 1.541 1.555 1.549 1.543
1.5 2 2.5 3 3.5
FIG. 9. The reaction path of the bulk diamond to graphite trans­
formation as a function of rCC1 (in A), the carbon-carbon distance 
perpendicular to the (111) bilayers that transform into graphitic lay­
ers, compared with the ab initio results from Ref. 37. The path is 
characterized by: the energy barrier E  (in eV) (top panel), the intra­
planar carbon-carbon distance, rCCj| (in A) (middle panel), and the 
buckling angle 9 (in degrees)(bottom panel). Solid line: LCBOPII; 
dashed line: LCBOPI+; dotted line: Ref. 37.
the reaction path are much better reproduced by LCBOPII. 
The agreement with the ab initio results is perfectly satisfac­
tory.
D. Vacancy in diamond and graphite
We have calculated by DF the energy of formation of a 
vacancy in diamond, E dvac=5.64 eV and in a single layer of 
graphite EsJac=7.90 eV to determine the values of the param­
eters F237 = F32n/ and = F ^ ' ,  respectively. Previous DF 
calculations gave E dvac=7.2 eV (Ref. 38) and Egvrac=7.6 eV.39 
LCBOPII gives E dvac = 6.78 eV and EgJac=7.90 eV. For both 
graphite and diamond, according to our DF calculations the 
first neighbors move away radially from the vacancy up to a 
distance of 1.52 and 1.73 A, to be compared to LCBOPII 
values 1.44 and 1.67 A, for graphite and diamond, respec­
tively. The distance between first and second neighbors of 
the vacancy is 1.40 A for graphite and 1.50 A for diamond, 
in good agreement with our DF data of 1.40 and 1.49 A, 
respectively.
E. The 5-77-5 defect of graphite
The energetics of defect formation is very relevant for 
understanding diffusion and growth. An important defect in 
graphite is the so-called 5-77-5 topological defect shown in 
Fig. 10 which is formed by rotating a carbon-carbon bond by 
tt/2  within a graphitic sheet, implying a transformation of
214102-10
IMPROVED LONG-RANGE REACTIVE... .I. PHYSICAL REVIEW B 72, 214102 (2005)
FIG. 10. Illustration of the formation of the 5-77-5 defects in 
graphite in a roughly square sample with side Lx. We show how the 
defect is formed by rotation of ^/2 of the bond between atoms 1 
and 2, transforming four hexagons into two pentagons and two 
heptagons, hence the 5-77-5 name of the defect. A rotation of the 
bond between atoms 2 and 3 gives an equivalent transformation.
four hexagons into two pentagons and two heptagons. This 
rotation is also called a Stone-Wales transformation40 and 
plays an important role in the formation of fullerenes and 
nanotubes. A tight-binding calculation by Pan et al.41 for this 
defect resulted in a formation energy of 4.43 eV, a value 
much lower than the 10.4 eV previously found by Kaxiras 
and Pandey by means of ab initio calculations.39 The dis­
crepancy is attributed by Pan et al. to a too small sample of 
18-atoms used in Ref. 39, making unreliable also the activa­
tion barrier of 13.7 eV calculated in this paper. In Fig. 11 we 
show the prediction of LCBOPII for these quantities that 
indeed confirm that formation and activation energy of this 
defect markedly depends on the sample size and shape. No­
tice that the defect can be obtained in two equivalent ways, 
by rotating the bond between atoms indicated as 1 and 2 or 
that between atoms indicated as 2 and 3 in Fig. 10. However, 
the calculated energies become equal only in the limit of 
large samples. In the bottom panel of Fig. 11 we give the 
values of barrier height and formation energy of this defect 
calculated for rotation of the 1 -2  and 2 -3  bonds as a func­
tion of the side Lx of the, periodically repeated, samples as 
shown in Fig. 10. One can see that the results for these two 
cases converge only for very large sizes.
For the largest sample we show in the top panel of Fig. 11 
the calculated energy as a function of the rotation angle $  for 
three cases, for graphene, i.e., a single layer of graphite, for a 
single layer of graphite with positions constrained into the 
graphite plane, and for bulk graphite. As expected the last 
two cases are almost undistinguishable and at slightly higher 
energy than for graphene with out-of-plane relaxation.
IV. CONCLUSIONS
We have presented LCBOPII, an improved long-range re­
active bond-order potential for carbon with the long-range
FIG. 11. Bottom panel: barrier height (filled diamond) and for­
mation energy (empty circles) of the 5-77-5 defect calculated for 
rotation of the 1-2 (solid line) and 2-3 (dashed line) bonds as a 
function of the side Lx of the samples defined in Fig. 10. As indi­
cated, the total number of atoms in the sample ranges between 24 
and 576. One can see that the two estimates converge only for the 
largest sizes. For the largest sample we show in the top panel the 
calculated energy as a function of the rotation angle $  for three 
cases: graphene, i.e., a single layer of graphite (dashed line), 
graphene with positions constrained into the plane (dotted line), and 
bulk graphite (solid line).
interactions cutoff at 6 Â, ensuring interplanar binding in 
graphite. Several new concepts have been introduced in the 
construction of this potential to improve the reactivity and 
the description of the structure and energetics of all carbon 
phases. We have also performed DF calculations of selected 
structures to extend the database for fitting to relevant struc­
tures not found in the literature. In the companion paper, the 
description of LCBOPII for liquid carbon is shown to be 
extremely accurate up to extreme pressures and tempera­
tures, confirming the high transferability and predictivity of 
this potential. After a complete description of LCBOPII, we 
have given results for the structure and energetics of bulk 
and surfaces, for the graphite-to-diamond transformation, 
and for the vacancy defect in diamond and graphite. More­
over, we give original predictions for the energetics of for­
mation of the 5-77-5 defect of graphene and graphite. We 
believe that the new formulation to describe reactivity and 
bonding through quantities representing dangling bonds and 
occupied antibonding states can inspire further progress in 
the construction of accurate reactive potentials, also for other 
materials.
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APPENDIX A: LCBOPI+
In Refs. 23 and 25 we have used LCBOPI+, an improve­
ment of the potential LCBOP of Ref. 22 (called LCBOPI in 
this paper) by (i) a modification of the switch functions, (ii) 
a correction of the angular function for small angles and low 
coordinations, and (iii) the addition of torsional interactions.
The switch function f c ij in LCBOPI [Eq. (1) in Ref. 22] 
was replaced by SdOW". The switch function in the definition 
of the coordination [Eq. (10) in Ref. 22] was replaced by
SIdown Thus both these switch functions are the same as forN,ij
LCBOPII.
The function G(cos 6) of LCBOPI, being fitted to solid 
state configurations, where low angles occur only for struc­
tures with high coordination, (e.g., simple cubic with six 
neighbors or fcc with 12 neighbors) was not able to stabilize 
small clusters, for which angles of 90° or 60° are common. 
The angular function of LCBOPI+ is written in a similar 
form as for LCBOPII [Eq. (12)]:
GI+(y, z) = ©(^0 -  y)Gi(y) + ©(y -  y 0)GI+(y, z ) , (A1)
where GI is the angular function G  of LCBOPI, y  = cos 
y0= —1 / 3 is a constant boundary value, and z= z ij=N i
-  SN,un. The function GI+ reads
G A y ,z) = Gi(y) + Si0Wn(z)[T(y) -  Gi(y)], (A2)
where
r(y) = %(y - 1)3+ n (A3)
and where the subscript numbers (2,3,0) of the switch func­
tion SfO™ are the upperbound, the lowerbound, and the value 
of p, according to the definition in Sec. II A, respectively. 
The parameters y0 and y1, given in Table V, are fitted to the 
geometries and energies of a planar rhombic cluster (C4, 
symmetry D 2h, Ref. 29), with two angles around 60°, and a 
cubic cluster ( c 8, Ref. 30), with all 24 angles at 90°.
As for LCBOPII, the torsional term acts only for a bond 
between two sp2 hybridized atoms. For LCBOPI+ it is fitted 
to the data of Ref. 27, that are in agreement with our own DF 
results presented in Appendix B. The torsion term Tij is
T j  = D j N j , Nj;) 2  2  tij(y ,N ci0nj)Sd0wn(rik)Sd0wn(rJi) ,
k^i,j l^i,j
(A4)
where yy is defined as
y = cos Oja = e ijk ■ ejii -
r i j x  r ik 
|r ij X Tiki
r  n x  r >i 
|rj i x  r ji|
and D ij(N ij , N ji) is a two-dimensional switch, defined for Nj,
Nji e [1,3], given by
D jN i j ,  Nji) = D  (x, y) = (1 — x)4(1 — y)4(1 + 4x)(1 + 4y)
X©(x + 1)©(1 — x)©(y + 1)©(1 — y), (A5)
with x = |Nij—2| and y  = |N ji—2|. This definition yields 
D ij(2,2) = 1.0, D ij( n ,m) = 0 when either n or m  is 1 or 3, and 
vanishing partial derivatives for all nine integer pairs (n, m). 
In contrast to Refs. 42 and 16, where the dependence on 
N l°nj is included in the prefactor D ij, for LCBOPI+ the angle 
and N icjonj dependencies of the torsional interaction are 
coupled, in accordance with the DF results, and included in 
the function t ij, which reads
t j(y ,  NC0nj) = 70ÖO + S ( N j 1(y) -  70(y)], (A6)
where
T0(y) = T0(y2( 1 -  y2))2,
T1 (y) = T1(1- y2) ( 2 -  y2)22
(A7)
(A8)
describe the torsional barriers for N c° n j=0 (Fig. 5), and 
N cOnj =1 (Fig. 5), respectively, and where the switch function 
S(N cionj) given by
S m j  = [3(Nconj)2 -  2(Nc0^ j)3]2 (A9)
quickly decays from N“ ^  =1.0, in order to associate the 
maximal barrier only to configurations close to the double 
bonded ones. The values for T0 and T1 are given in Table V.
APPENDIX B: DETAILS OF DF CALCULATIONS
The functions t ij [Eq. (35)] and Vnijjr [Eq. (44)] are fitted to 
ab initio DF results calculated to this purpose by means of 
the c p m d  package.43 We used the spin polarized local density 
functional with BP44,45 gradient correction. The Kohn-Sham 
states were expanded in a plane-wave basis set sampled at 
the T point in the Brillouin zone, and truncated at a kinetic 
energy of 90 Ry. Semilocal norm-conserving Martins- 
Troullier pseudopotentials46 were used to restrict the number 
of electronic states to those of the valence electrons. The 
pseudopotential was constructed with a valence-electron 
configuration s2p 2, using core-radii of 1.23 a.u. for both s 
and p  orbitals. The pseudopotential was transformed into the 
Kleinman-Bylander form47 with p  orbitals as the local term. 
All calculations were performed using an isolated cubic cell.
1. Torsional barriers
In the spirit of Refs. 27 and 48, we calculated by DF the 
torsional barriers for the bond between the two threefold co-
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ordinated atoms i and j  (shaded circles in Fig. 5) for three­
fold (white circles) or fourfold (black circles) coordination of 
the other neighbors. The number N conj increases with the 
number of fourfold sp3 neighbors. The cases with N conj=0 
(i.e., with a conjugated ttz orbital) and N conj =1 (i.e., the 
double bond) correspond to the two molecules studied in 
Ref. 27. Hydrogen atoms were used to obtain the correct 
coordination of the four peripheral atoms.
After geometrical optimization of the planar configura­
tion, we twisted the molecule around the axis through i and j , 
in steps of ot/12; at each step we optimized the electronic 
wave function without allowing any structural relaxation, in 
order to have the energy barrier as a function of the twisting 
angle only. The results, shown by symbols in Fig. 6, were 
used to fit the parameters of t ij for LCBOPII. Note that for 
LCBOPII only the coordination of the peripheral atoms, and 
not the actual positions of the further neighbors not shown in 
Fig. 5, is relevant for the energy of the bond ij.
2. Dissociation energy curves
The DF dissociation energy curves for a single, double, 
and a triple bond, used to fit the parameters A ’mr and A ’mr of 
the middle-range potential [Eq. (50)], were calculated for 
three model molecules, namely (CH3)3C-C(CH 3)3, 
(CH3)2C = C(CH3)2, and (CH3)C =  C(CH3), respectively. Af­
ter geometrical optimization of the molecules, the central 
CC-bond was stretched in steps of 0.1 Â and the wave func­
tion was optimized without allowing any relaxation. The dis­
sociation energy was defined as the difference between twice 
the Kohn-Sham energy of one isolated fragment after com­
plete dissociation and the Kohn-Sham energy of the mol­
ecule in its equilibrium geometry. The bonding energy has 
the opposite sign.
The dissociation energy curves according to LCBOPII 
were calculated using appropriate atomic configurations. For 
example, for the double bond we considered the stretching of 
the central ij bond in the configuration with NC°nj =1 in Fig. 
5. In both the DF and the LCBOPII description the zero of 
energy was assigned to the configuration with completely 
dissociated fragments. The parameters A™  and Amr for the 
single and the double bond, respectively, were fitted by 
matching the energies at a stretching distance equal to 2.2 Â. 
The triple bond dissociation energy curve is already fairly 
well described by the potential Vlr(r), and no middle-range 
interaction is added in this case.
The dissociation curves calculated by DF are reliable 
when the bond lengths are not too far from their equilibrium 
value, as well as for the dissociated fragments. However, 
between 2.2 Â and complete dissociation, the DF results are 
not a priori reliable, particularly when the two dissociated 
fragments contain unpaired spins. Therefore, consistently 
with Ref. 49, we assumed that there is no barrier in the 
formation of the single bond and monotonously connected 
the curve to zero for r >  6 Â. For the double bond, in which 
case the fragments do not contain unpaired spins, we found a 
small barrier at 2.9 Â if the molecule was kept in the planar 
configuration. Allowing relaxation during the dissociation, 
the molecule found a dissociation path without any barrier, 
evolving to a chair configuration from bond length 2.2 Â on. 
The middle-range potential for the double dangling bond 
cannot account for this steric difference. Therefore we did 
not fit the dissociation barrier for this case. The smaller bar­
rier, shown in Fig. 8, is due to Vlr(r).
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